The discrete fracture model of disordered materials is presented. The disorder of materials is characterized by the second-order intensity function that is able to discriminate between different dispersion patterns. The truss-like model is constructed based upon the geometry of inclusions dispersion and the stress field imposed on the system. Correlation between the load carrying capacity as predicted by the model and the underlying microstructure has been established. The model simulates development of microcracks in a damaging regime and is able to mirror development of a single crack, as well. A morphology of the percolating crack is compared with respective descriptors of fracture obtained from experimental results.
INTRODUCTION
The microstructure of most materials is, in general, an inhomogeneous, anisotropic union of isolated as well as multiconnected components. This fact seems to present an obstacle to correlate the microstructure with overall properties. In order to overcome this difficulty the microstructure is often envisioned as being composed of periodically distributed units of equal size, shape and spacing; see Nemat-Nasser, Yu and Hori (1993) , Aboudi (1991) . However, an improved characterization of structural materials which are manufactured to obtain optimal property values by microstructure effects necessitates a more thorough knowledge of the microstructural pattern. Tractable models which take into account geometrical details of the microstructure have led to an improved prediction of the bulk properties of two-phase materials. The physical significance of the microgeometry has been elucidated in determining the diffusion coefficient, electrical and thermal conductivity, dielectric and elastic constants; see for example Milton and Phan-Thien (1982) , Milton (1982) , Torquato (1984) , Beasley and Torquato (1986) , Torquato (1986) , Berryman (1985) . Details of the microstructure become even more important for the description of a strongly nonlinear phenomenon such as nonelastic deformation and fracture. Bao, Hutchinson and McMeeking (1991) have shown that certain classes of the non-uniform distribution of particles significantly raise the overall limit flow stress as compared with the material having the uniform distribution of particles. Numerical calculations presented by Brockenbrough, Suresh and Wienecke (1991) indicate that various periodic packing arrangements result in a markedly different deformation response in the plastic regime, depending on the form of the periodicity. Pyrz (1993a) has shown that the distribution of radial and circumferential stresses on the interface between the fibres and the matrix is influenced by the pattern of fibres dispersion. A correlation has been found between the distribution of the interfacial stresses and descriptors of the fibres dispersion. This strong local correlation has a significant impact on the failure modelling. In the mean field approach the detailed arrangement of fillers around a given volume element is lost by assuming that the distribution of fillers is spatially homogeneous. Neglecting the geometrical disorder of fillers does not introduce a significant error in the prediction of the elastic and transport properties. By contrast, the fracture is a highly localized phenomenon which enhances the effect of preexisting heterogeneities in such a way that the local geometrical disorder cannot be neglected. The microfailure threshold is dominated by extreme fluctuations of the stress field and these load hot spots are strongly influenced by a distribution pattern of inclusions. This strong sensitivity of the microfailure to geometrical details of the pattern is related to the fact that the break-down properties are influenced by the high moments of the local stress distribution, whereas the elastic moduli are influenced by the second moment of the local stress distribution, which is relatively insensitive to the details of the underlying microstructure; see Li and Duxbury (1989) , Duxbury (1990) .
Statistical physics has introduced several models which incorporate the morphology of microstructures and a disorder in a natural way. Moreover, these models have led to a better understanding of the behaviour of real materials by introducing new concepts of percolation clusters, renormalization and multifractality; see for example Stanley and Ostrowsky (1988) , Stauffer (1985) , Bunde and Havlin (1991) . The principal idea behind these models consists of a discretization of the continuum into a network of structural entities that are endowed with their own properties which resemble the microstructure on the mesoscopic length scales. The nodes of the network are connected by mechanical bonds to form, in most cases, a regular lattice. Then the disorder may be introduced in a number of ways. Feng and Sen (1984) , Tang and Thorpe (1988) , Beale and Srolovitz (1988) have implemented the geometrical disorder of bonds by assuming an existence of the nearest neighbour bonds of the lattice with a prescribed probability. Herrmann, Hansen and Roux (1989) have introduced the disorder to be in the breaking thresholds, while Sahimi and Goddard (1986) and Stephens and Sahimi (1987) have considered several cases in which both elastic constants of bonds and the failure thresholds were distributed quantities.
The present study employs the geometrical disorder by mapping the microstructure of transversely loaded fibre-reinforced material onto an irregular network that should mirror the positions of fibres as they are placed in a real material. Furthermore, a quenched disorder of bond properties is implemented in the discrete model. The bond properties are related to the stress field that exists in the material under loading. The purpose of the analysis is twofold: to investigate the influence of the fibres pattern on fracture strength and to describe a morphology of the fracture process. The outline of the paper is as follows. In Section 2, the discretization procedure and a computational truss-like model is presented. Section 3 contains a statistical characterization of dispersion patterns and the failure analysis of specific patterns. An alteration of the fracture strength with increasing density of fibres is discussed, as well. The ability of the model to simulate both brittle and damaging-type of the fracture is shown in Section 4. Finally, a characterization of the fracture morphology comprises the subject of Section 5, where comparison with some experimental results is made, as well.
CALCULATION MODEL
To discretize the transverse section of unidirectionally reinforced material, it is useful to construct the Dirichlet polygonal network with the centres of fibres as generating points. The Dirichlet network of polygons is created by drawing the perpendicular bisectors of the line segments that join the centre with neighbouring centres, Fig. 1 . This procedure assigns a unique area to each fibre centre and covers the plane of observation without overlapping. Each polygon contains all points of the planar area that are closer to the corresponding centre than to any other. It is then possible to identity all neighbours of a given centre, and if necessary, to calculate statistics of neighbours' distances and orientations; Pyrz (1993b) . In this manner it is also possible to uniquely define the zone of influence for each pair of neighbouring fibres as denoted in Fig. 1 by the quadrangle ABCD. Thus the total area of observation is divided into a set of contiguous quadrangles which embrace the pairwise zones of influence. The stress field that exists in an individual zone of influence is a result of an external loading and superimposed interaction effects between inclusions. It is assumed that the major contribution to the stress field within an individual zone of influence comes from the pairwise interactions. Under this assumption the geometry of the zone of influence and its stress field become the essential parts for determining bond characteristics in the discrete model.
The material is mapped onto lattice points corresponding to the positions of fibres embedded in the matrix material and the neighbouring points of the lattice, as determined by the Dirichlet tessellation, are connected by elastic bonds. The present analysis is based on networks of elastic rods which transfer tensile and compressive forces between sites of the lattice in much the same way as in a truss-like structure. It is believed that such a simplified model retains the essential physics of the phenomenon, simultaneously keeping the computational effort to an acceptable level. Furthermore, it may be useful first to study simpler models which give insights into the influence of a geometrical disorder on the failure behaviour, before attempting to introduce complexities to the model.
The discretization procedure is performed as follows. The investigated pattern of fibres is placed within the window of observation equipped with periodic boundary conditions and subjected to remote unit load in vertical direction. The stress components are calculated for each pairwise influence zone at four nodes which correspond to the centres of gravity of four quadrangles into which the pairwise zone of influence is divided, Fig. 2 . The plane strain conditions are assumed. The stress calculations are based on the superposition method described in detail by Axelsen and Pyrz (1993) . Essentially, the method follows the original idea of pseudotractions that accommodates mutual interactions between inclusions; see Mori and Nemat-Nasser (1985) , Pijaudier-Cabot and Bazant (1991) . Assuming that nodal stresses are representative for the individual quadrangle, the total energy E m stored in the matrix area bounded by the pairwise zone of influence ABCD is calculated. Component quadrangles closest to fibres are selected in a form of narrow strips in order to accommodate a large stress gradient in the vicinity of fibres. Since the rods in a discrete system are expected to simulate a matrix behaviour, then it is supposed that the rod should carry the nodal stress components acting along the centre where A is the rod's cross section, Ε is the matrix modulus and ( is the distance between interfaces of two fibres. Equating now the matrix energy E m and the rod energy E r . the cross section area of the rod may be calculated. Because the rods must be assembled in the truss-like network the length of the rod is increased by the diameter of fibres with a simultaneous volume preserving decrease of the rod's cross-section.
The calculation scheme is illustrated in Fig. 3 . The pattern of fibres is created within the observation area and the Dirichlet tessellation is calculated. Then the periodic boundary conditions are added and the area of observation is divided into the painvise zones of influence as determined by the Dirichlet tessellation. The stress field and the cross section area of the rods are calculated next, resulting in a final form of the truss-like structure. The structure is loaded in the vertical direction by point forces applied to the boundary layer nodes which lie outside the observation area and are classified by the Dirichlet tessellation as the neighbours. Connecting rods in the loading boundary area have an infinite stiffness, whereas the boundary rods along the vertical sides of the structure possess very small stiffness and their boundary nodes are allowed to move in the loading direction.
It is worth mentioning that a total analysis of the model with 100 fibres and a subsequent failure analysis takes about five hours of the fastest commercially available personal computer. The computation time has already been suppressed after having concluded that a subdivision of a pairwise zone of influence up to ten quadrangles did not significantly affect values of the matrix energy E m and the failure process.
INFLUENCE OF THE PATTERN ON FRACTURE
The model presented in the previous section introduces the geometrical disorder through mapping of the positions of fibres onto the lattice network and a quenched disorder in the stiffness of rods. In that respect the model is deterministic in nature and the statistical aspects are introduced by performing several simulations of the fracture for a selected type of the dispersion pattern.
Statistical Analysis of Patterns
The approaches to quantitative categorization of fibre distribution may rely on parameters based on different distance measurements between individuals as well as statistical properties of the Dirichlet cells; Pyrz (1993b) . However, more valuable information can be obtained from second-order statistical characteristics of the dispersion pattern, as shown in Pyrz (1993c) and Pyrz (1994) . Among several second-order measures the second-order intensity function K(r) is of particular interest. The function K(r) is defined as a number of further centres of inclusions expected to be found within a radial distance r of an arbitrary centre and divided by the number of centres per unit area of the observation window. The practical procedure of calculating K(r) amounts to the summation of a number of centres in the circle with the centre at one of the inclusions and radius r and the successive repetition of this step for all inclusions and selected radial distances;
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see Pyrz (1994) . The second-order intensity function is equal to πτ 2 for the completely random dispersion of mathematical points, i.e. the Poisson pattern. This is the pattern of points placed in a region where each possible location is equally likely to be chosen and the location of each point is independent of the location of any other point. Although the Poisson pattern is physically unattainable due to a finite dimension of inclusions it serves as a convenient limiting line between aggregated and more homogeneous patterns.
The hypothetical patterns are shown in Fig. 4 together with calculated tessellations. All patterns have 100 fibres represented for demonstration purposes by their centre points. The patterns are divided into two groups. The left column contains patterns which either are totally regular or possess a first-order regularity manifested in the regular distribution of clusters. Furthermore, the clusters themselves may be regular or random. The second group represents patterns where either the fibres are randomly distributed within the observation area or clusters of fibres are placed randomly. An internal structure of clusters may be regular or random.
The second-order intensity function K(r) for selected patterns is shown in Fig. 5 . All functions for aggregated patterns lie above the curve corresponding to the Poisson set and diverge from it markedly, as the clustering tendency becomes more pronounced. The hard-core pattern has been created by the imposition of a minimum distance between any two points which were distributed randomly otherwise. This pattern may be considered as being very close to the completely random distribution. Any kind of regularity in the pattern is exhibited in the "stair"-like shape of the K(r) function. This concerns both a short range and a long range regularity.
Fracture Behaviour of Patterns
The external point load is imposed on each boundary node of the lattice. The load is successively increased by an arbitrarily chosen increment, until the most overstressed rods reach predetermined critical strain. Then the broken rods are removed and the lattice configuration is recalculated to obtain the new equilibrium. Subsequently, the load is increased and rods having critical strain are again delayed. This procedure is repeated until the network breaks fully apart. Fig. 6 shows non-dimensional deformation diagrams for selected patterns. At a certain load level. represented by the mean value of displacement calculated for the boundary nodes. The influence of the patterns on the critical force is clearly visible. The critical force attains its maximum value for the totally regular pattern and decreases afterwards as a randomness and an aggregation get more pronounced. Statistics of the distances between neighbouring fibres and corresponding statistics of the lengths of rods must depend on a particular pattern. The coefficient of variation of the neighbour distances k^ may serve as a useful descriptor of a pattern in conjunction with the second-order intensity function. The coefficient of variation k^ is defined as the ratio of standard deviation of neighbour distances to the mean neighbour distance. The distances of neighbouring fibres are calculated after the Dirichlet tessellations have been drawn. Perfectly regular patterns have k<j equal to zero. Furthermore, the coefficient of variation grows with increasing aggregation of fibres. The correlation between critical forces and the coefficient of variation, as shown in Fig. 7 , is split into two parts. Patterns possessing a high degree of regularity exhibit significantly better load bearing capacity as compared with the random and randomly clustered patterns. At the same time for each family of patterns the increase of the kd causes corresponding decrease of the critical force. Thus, knowing the coefficient of variation of two patterns we may approximately estimate which of these two patterns is weaker, provided the identification of patterns has been made on the basis of the second-order intensity function K(r). The error bars in Fig. 7 come from the eight simulations performed for each pattern's type. During simulations all kinds of the regularity, i.e. total regularity, first-order regularity and second-order regularity within clusters, have been subjected to veiy small disturbances, as may be observed in Fig. 4 for the totally regular pattern.
Influence of Volume Fraction on Fracture
It is of interest to investigate the influence of fibre volume fraction in fracture. The four hard-core patterns were generated as shown in Fig. 8 . The patterns have 100, 200, 300 and 400 fibres, respectively. The simulation of patterns has been performed in such a way that the patterns are statistically similar. The differences between the coefficients of variation are negligible and the second-order intensity functions of the patterns almost coincide, as may be seen in Fig. 9 . The deformation diagram is presented in this figure, as well. Of course an increase of the critical force with growing number of fibres has been expected. In this case, however, the volume fraction of fibres solely causes changes in the load carrying capacity of the model materials, since the statistical descriptors are the same for all patterns. with the triple cluster of fibres has 429 broken rods among the network of 1133 rods. This susceptibility of clustered patterns to microcracking is seen in Fig. 11 , where the triple cluster model clearly exhibits the smallest critical load. A clustering tendency detected by the second-order intensity function of analyzed patterns is not as pronounced as for patterns investigated in Sec. 2.1. Nevertheless, the aggregation of the triple cluster model as compared with the standard hard-core model is easily seen in Fig. 11 . the same tendency prevails as far as a correlation between critical forces and microstructure descriptors is concerned, Fig. 12 . The critical force diminishes as the coefficient of variation grows in an accordance with aggregation.
BRITTLE VS. DAMAGING BEHAVIOUR OF THE MODEL
Another breaking process of rods is obtained if the failure condition is formulated otherwise. Unit point loads are imposed on boundary nodes and the most overstressed rod is removed. Then the system is relaxed and loaded again by unit point forces. The next most overstressed rod is removed and the procedure goes on until a percolation failure is achieved. The cracking pattern and the percolating macrocrack are shown in Fig. 13 for both procedures. The previously discussed breaking rule results in the appearance of a large number of dispersed microcracks. The macrocrack is formed by joining individual microcracks at the late stage of loading. The second procedure creates a few separate microcracks allowing for the creation of a fracture front that propagates almost continuously along the sides of the Dirichlet polygons. Only short branches may diverge from the major crack. This type of behaviour is reminiscent of a process of brittle failure and may be useful in simulating the fracture properties of materials for which propagation of a single Ο Cluster 3 +Cluster 1 D Hard-core macrocrack dominates a failure process. It is noteworthy that crack paths are different for these two cases, although the underlying pattern of fibres is the same.
FRACTURE ROUGHNESS
Statistical analysis of the distribution of fibres in glassepoxy composite material has been presented in Pyrz (1993b) . Three different patterns of fibres were obtained by changing the manufacturing process appropriately. Fracture properties of these materials and their relation to geometrical aspects of the microstructure have been analyzed in Pyrz (1993e) . The important conclusion from these investigations related to the present analysis consists of the fact that the fracture stress is related to descriptors of the microstructure in the same way that the critical force is related to the coefficient of variation. The critical force and the network's displacement are non-scaled quantities and cannot be directly verified by experiments. However, some geometrical aspects of fracture which are predicted by the model may be compared with respective experimental data.
The pattern of fibres as detected by the image analysis system is shown in Fig. 14 upon known coordinates of fibre centres. Then the discrete model has been created and the failure analysis has been performed. The resulting percolating cracks are also shown in Fig. 14 . The roughness coefficient of the modelled crack is equal to the ratio of the total crack length and its projection. The total crack length is simply the sum of the sides of the polygons which create the macrocrack. The roughness of the fracture profile has been analyzed in detail for three materials; Pyrz (1993e) . Comparison of measured and model roughness coefficients is presented in Fig. 15 . Horizontal error bars indicate the dispersion of results obtained from three specimens of each material. Vertical bars denote the scatter of the model roughness calculated from five images of each material. The images were taken at random within the gauge area. The comparison of results is fairly good, although the model roughness seems to overestimate experimentally obtained roughness coefficient.
